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MULTILABELED VERSIONS OF SPERNER’S AND FAN’S LEMMAS
AND APPLICATIONS
FRE´DE´RIC MEUNIER AND FRANCIS EDWARD SU
Abstract. We propose a general technique related to the polytopal Sperner lemma for
proving old and new multilabeled versions of Sperner’s lemma. A notable application of
this technique yields a cake-cutting theorem where the number of players and the number of
pieces can be independently chosen. We also prove multilabeled versions of Fan’s lemma, a
combinatorial analogue of the Borsuk-Ulam theorem, and exhibit applications to fair division
and graph coloring.
1. Introduction
Sperner’s lemma and Fan’s lemma are classical results of combinatorial topology. Notably,
they provide elementary constructive proofs of the topological theorems of Brouwer and
Borsuk-Ulam and their applications. The typical object involved with these lemmas is a
triangulation of a pseudomanifold with an integer labeling of the vertices. Then, a constraint
on the labeling imposes the existence of a simplex with a certain pattern. For Sperner’s
lemma, such a simplex is the discrete analogue of a Brouwer fixed point, and for Fan’s
lemma, such a simplex is the discrete analogue of the antipodal point whose existence is
asserted by the Borsuk-Ulam theorem. Further information about extensions and various
applications of these two lemmas is available in the recent survey by De Loera et al. [10].
These lemmas can be extended to results involving many labelings, in which one seeks
the existence of a simplex on which the labelings together exhibit a special pattern. The
oldest results of this type are probably Bapat’s “quantitative” generalization of Sperner’s
lemma [8] (see Section 4) and Lee-Shih’s generalization of Fan’s formula [18].
In this paper, we prove multilabeled extensions of Sperner’s and Fan’s lemmas and discuss
various applications. In particular, we show how these extensions can be used to get nice
new results in social choice, game theory, graph theory, and topology.
One of the contributions of this paper is a new technique for proving multilabeled versions
of Sperner’s lemma. Interestingly, it relies on another generalization of the Sperner lemma,
namely the polytopal Sperner lemma [11]. We are not only able to recover several known
results using this method, but also to find new ones that seem to be of interest. One of these
new results is a theorem about envy-free cake-cutting. The original envy-free cake-cutting
theorem, found independently by Stromquist [27] and by Woodall [30] in 1980, considers
dividing a one-dimensional cake among k players and ensures under mild conditions on
player preferences that there always exists a division of the cake into k connected pieces and
an envy-free assignment of these pieces to the k players, i.e., an assignment such that each
player prefers the piece she is assigned. Woodall actually proved that such a division exists
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without knowing the preferences of a “secretive player”: it is possible to divide the cake into
k connected pieces so that whatever choice is made by the “secretive player”, there is an
envy-free assignment of the remaining pieces to the k − 1 other players: they do not envy
each other nor the secretive player. (This theorem has recently been rediscovered, with a
much simpler proof by Asada et al. [5] who were not aware of Woodall’s result.) A special
case of our theorem is the following dual version, which is new in the cake-cutting literature.
Corollary 1.1. For any instance of the cake-cutting problem with k players, there exists a
division of the cake into k − 1 connected pieces so that no matter which player leaves, there
is an envy-free assignment of the pieces to the remaining k − 1 players.
This result may be stated in another way that appeals to those who are familiar with the
reality TV show Survivor, in which the survival skills of a group of people are tested and
one person gets “voted off” the island each evening. In that case the theorem above can
be restated: You can divide a cake into k − 1 pieces today so that no matter which player
gets voted off the island tonight, there will be an envy-free assignment of the pieces to the
remaining k − 1 players.
We show that Fan’s lemma admits multilabeled generalizations too. This is another con-
tribution of this paper. These generalizations extend known applications of Fan’s lemma
to graph coloring and “continuous necklace-splitting” problems. An illustration of these
applications is the following multicoloring version of a theorem by Simonyi and Tardos [26,
Theorem 1]. The quantity ind(Hom(K2, G)) used in the statement is a classical topological
invariant associated to a graph G; see Section 3.2.1 for more details.
Corollary 1.2. In any collection of m proper colorings of a graph G, there is a vertex
adjacent to at least
⌊
1
2m
ind(Hom(K2, G))
⌋
+ 1 distinct colors in each of the colorings.
The multilabeled versions of Sperner’s and Fan’s lemmas, as well as their applications, are
presented and proved in Sections 2 and 3. There is next a brief discussion about a possible
“quantitative” multilabeled version of Fan’s lemma in the same vein as Bapat’s theorem for
Sperner’s lemma (Section 4). We end the paper with Section 5, which gathers the open
questions met along this work.
2. Multilabeled versions of Sperner’s lemma
2.1. Results on multiple labelings and cake division. Given a triangulation T of the
standard (n− 1)-dimensional simplex ∆n−1 = 〈v1, . . . , vn〉, a labeling of its vertices V (T)→
[n] is a Sperner labeling if each vertex v of T is labeled by an integer j such that vj is a
vertex of the minimal face of ∆n−1 containing v. Sperner’s celebrated lemma is the following
statement.
Sperner’s lemma. Any triangulation of ∆n−1 with a Sperner labeling has an (n − 1)-
dimensional simplex whose vertices get distinct labels.
Our main results regarding multilabeled versions of Sperner’s lemma are the following two
theorems.
Theorem 2.1 (Multilabeled Sperner lemma). Let T be a triangulation of ∆n−1 and let
λ1, . . . , λm be Sperner labelings on T.
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(1) For any choice of positive integers k1, . . . , km such that k1+· · ·+km = m+n−1, there
exists a simplex σ ∈ T on which, for each i, the labeling λi uses at least ki distinct
labels.
(2) For any choice of positive integers `1, . . . , `n such that `1 + · · ·+ `n = m+n−1, there
exists a simplex τ ∈ T on which, for each j, the label j is used in at least `j labelings.
Example 2.1. An illustration of the possible patterns asserted by the theorem is given by
Fig. 1. Let n = 3 (with labels 1, 2, 3) and m = 2 (with labelings λ1, λ2). For k1 + k2 =
2 + 2 = 4, Theorem 2.1 Item (1) asserts the existence of a simplex σ ∈ T like this one, in
which the first labeling uses k1 = 2 labels (1 and 3) and the second labeling uses k2 = 2
labels (2 and 3). This simplex σ also exhibits an instance asserted by Theorem 2.1, Item (2)
for `1 + `2 + `3 = 1 + 1 + 2 = 4, since the label 1 appears in 1 labeling, label 2 appears in 1
labeling, and label 3 appears in 2 labelings.
The proof of Theorem 2.1 will actually show that Item (1) holds with an additional
property: each label is used by at least one of the λi on the simplex σ. When m = 1,
both Items (1) and (2) reduce to the usual Sperner’s lemma. Other choices of parameters
(e.g., λ1 = · · · = λm with `1, . . . , `n ≥ 1) also yield the usual Sperner’s lemma.
Figure 1. Labeled simplex used in Example 2.1 to illustrate Theorem 2.1
Originally conjectured by the first author, Item (1) has been proved by Babson [6] and an
elementary and constructive proof has recently been found by Frick et al. [14]. The proof we
propose is new but shares some common points with the second proof. In the next section,
we will provide yet another proof of this result, with an approach that clearly departs from
the other ones. A kind of “dual” statement of Item (1) is present in Section 6 of the cited
paper by Frick et al. However, Item (2) seems to be the natural “dual” version, and we get
it with almost the same proof as for Item (1).
The second theorem is formulated as a “cake-cutting” result. Even if we actually prove
Sperner-type results implying it in a standard way, we felt that the cake-cutting formulation
makes the statement of the theorem more appealing.
The traditional setting of the cake-cutting problem is the following. We are given a cake
to divide among players. Since the cake will be cut with parallel knives, we can identify the
cake with the segment [0, 1] so that knife cuts are just points of this segment, and a division
is just a partition of the cake into intervals (the fact that a boundary point belongs or not to
a given interval does not matter). The players have preferences satisfying the following two
assumptions. In any division of the cake, each player prefers at least one piece of positive
length—the “hungry” assumption—and may prefer several pieces. And, if a player prefers a
particular piece in each division of a converging sequence of divisions, then she also prefers
this piece for the limit division—the “closed preferences” assumption. An assignment of
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pieces to players is envy-free if each player prefers the piece she is assigned to all other
pieces.
Theorem 2.2. Consider an instance of the cake-cutting problem with k players. The fol-
lowing holds for all integers 1 ≤ p, q ≤ k.
(1) For any subset of p players, there is a division of the cake into k pieces such that, no
matter which dk−p
p
e pieces are removed, there is an envy-free assignment of p of the
remaining pieces to the p players (the p players do not envy each other nor the pieces
that were removed).
(2) There is a division of the cake into q pieces such that, no matter which dk−q
q
e players
leave, there is an envy-free assignment of the pieces to some q of the remaining players.
When p = q = k, we get the usual envy-free result due to Stromquist [27] and Woodall [30].
When p = k− 1, we get the “secretive player” extension of Woodall [30] and Asada et al. [5]
mentioned in the introduction. When p = 1, we get that it is always possible to divide a
cake into an arbitrary number of pieces a player is indifferent between. The case q = 1 says
something obvious. And Corollary 1.1 is the special case q = k − 1, which appears to be a
new result in the cake-cutting literature.
One way to think about this theorem is that it asserts: (1) that for given number of
players, divisions of cake are possible in which there are enough ties for most-preferred piece
so that even if some pieces are removed, you can still get an envy-free assignment among
the players, and (2) that for a given number of pieces, divisions of cake are possible in which
there are enough pieces chosen by multiple players so that even if some players leave, the
pieces can still be assigned in an envy-free way.
Two reviewers asked whether the bounds dk−p
p
e and dk−q
q
e of Theorem 2.2 could be im-
proved. For Item (1), the question is whether there are k and p such that the conclusion
holds for any instance with a number of removed pieces greater than dk−p
p
e. The question
is similar for Item (2). We conjecture that the answer is ‘no’, and thus that somehow our
theorem is optimal. It is ‘no’ for p = q = 2 and k = 4, as we explain now. Some other cases
could probably be settled following a similar method, but a general answer remains to be
provided.
Consider first the case of Item (1). Suppose player 1 values the whole cake interval
uniformly and player 2 only values the first half of the cake [0, 1/2] uniformly (she does not
value any portion of the second half). Suppose for a contradiction that there is a division
of the cake into 4 pieces A,B,C,D in that order such that, no matter which two pieces are
removed, there is an envy-free assignment of the two remaining pieces to the two players.
This must mean that each of the two players is indifferent between at least three preferred
pieces in that division (because otherwise they might envy the two removed pieces). Because
of player 1’s preferences, the largest 3 of the 4 pieces must have the same length 1/4 + c for
some 0 ≤ c ≤ 1/12 and the remaining piece has length 1/4−3c. This implies that one of the
largest 3 pieces must be completely contained in the first half. But then player 2 must value
that piece strictly more than both C or D since those pieces contain some of the second half
of the cake. This contradicts the fact that player 2 had a 3-way tie for her preferred piece.
So the desired division is not possible.
Consider now the case of Item (2). This case is even simpler. Choose the preferences
such that every player has an indifference point x in [0, 1]: a point for which the player is
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indifferent between choosing [0, x] and [x, 1], and such that if the cake is cut at any point
y 6= x, then that player must prefer the piece that contains x. Consider 4 players with
distinct indifference points: x1 < x2 < x3 < x4. For such players there is no hope of a
division of the cake into two pieces so that no matter which two players leave, there is an
envy-free assignment of the pieces to the remaining two players. Because any point y has a
side which contains at most 2 indifference points, if those players leave, the other two players
cannot be satisfied.
2.2. Other applications. In this section, we present applications of our theorems, or rather,
applications of the proof techniques.
The first application concerns rental harmony. Roommates rent together an apartment
and they have to decide who should get which room and for which part of the total rent.
A division of the rent between the rooms is envy-free if it is possible to assign a different
room to each roommate such that no roommate wishes to exchange her room with another
roommate. The following two assumptions are customary, and are the counterparts of the
two assumptions made for cake-cutting. A roommate will not envy the others if she gets any
room for free. If a roommate prefers a room for every division of a converging sequence of
divisions, then she also prefers that room for the limit division. Under these assumptions,
there exists an envy-free rent division [28]. It is actually quite straightforward to see that a
rental harmony version of Theorem 2.2 holds. We do not state the version we could get in
its full generality and we consider only the most interesting cases p = k − 1 and q = k − 1.
The first case is actually that of the secretive roommates version considered in the paper by
Frick et al. [14]. The second case is the following Survivor rental harmony theorem, which
is a new result in this area.
Theorem 2.3. Consider an instance of the rental-harmony problem with k roommates and
k − 1 rooms. Then there exists a division of the rent so that no matter which roommate is
kicked out, there is an envy-free assignment of the rooms to the remaining k− 1 roommates.
Another application has a microeconomic flavor. We are given m workers and n factories
belonging to a same company. The company can choose for each factory the wage of a
worker (a unique wage for each factory). The choice of the wages is identified with a vector
x ∈ Rn≥0. Each worker i has a continuous utility function ui : [n]×Rn≥0 → R≥0 that provides
the utility for him to work at factory j with a wage xj when the other wages are given by the
xj′ for j
′ 6= j. We suppose that for all i and j, we have ui(j,x) = 0 if xj = 0. (The workers
do not want to work for free.) The company has a target number of workers assigned to each
factory j, which is a nonnegative integer denoted by kj and a total budget B > 0 for the
wages. We have thus
∑n
j=1 kj = m and
∑n
j=1 kjxj = B. The company would like to choose
the wages and to assign the workers to the factories so that no worker will strictly prefer to
be assigned to another factory (“make the workers happy”).
Theorem 2.4. There exists a choice of wages such that the company is able to assign exactly
kj workers to each factory j, while making all of the workers happy.
2.3. Proofs.
2.3.1. Preliminaries. All multilabeled versions of Sperner’s lemma considered in this paper
involve a triangulation T of the standard (n − 1)-dimensional simplex ∆n−1 = 〈v1, . . . , vn〉
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with m Sperner labelings. Our proofs are based on the following construction. Consider the
standard (m− 1)-dimensional simplex ∆m−1 = 〈u1, . . . , um〉 and the polytope
P = ∆m−1 ×∆n−1
whose vertices are {(ui, vj) : i ∈ [m], j ∈ [n]}. Choose any triangulation T of P that refines
the product decomposition ∆m−1×T without adding new vertices; this will ensure that any
simplex σ in T projects naturally to a simplex σ in T. (Note that the “bar” on σ is not an
operation: several simplices of T projects to a same simplex in T. It is only used for the
following consistency: simplices in T have a bar, simplices in T do not.)
We are given m Sperner labelings λ1, . . . , λm on T, as in Theorem 2.1. For the proof of
Theorem 2.2, these labelings are given by the players’ preferences. Then define the map
λ : V (T)→ V (P ) by
λ(ui, v) = (ui, vλi(v)).
Lemma 2.5. The map λ maps each vertex of T to a vertex of the minimal face of P
containing it.
Proof. Consider a vertex (ui, v) of T, and let σ × τ be the minimal face of P containing it.
The simplex σ must be the single vertex ui itself and v must be contained in the interior of
τ . Since λi is a Sperner labeling, λi(v) must be an integer j such that vj is a vertex of τ .
Thus λ(ui, v) is (ui, vj), which is a vertex of σ × τ , as desired. 
The lemma above actually says that λ is a kind of ‘polytopal’ Sperner labeling on T,
using vertices of P as labels. There is a polytopal Sperner lemma [11], which asserts the
existence of a number of simplices of T whose vertices get different labels. The result crucially
depends on the following lemma, which appears in [11, Proposition 3] and whose underlying
topological intuition is well-known: when a ball is mapped to itself so that the restriction
to the boundary has degree 1 (as a map of spheres), then the interior of the ball must be
covered as well.
Lemma 2.6. Any continuous map f from a polytope to itself, which satisfies f(F ) ⊆ F for
all faces F of the polytope, is surjective.
The map λ, which has been defined for each vertex of T, can be affinely extended on each
simplex of T to produce a piecewise affine map λ : P → P . It is a continuous map and
Lemma 2.5 implies that it satisfies the conditions of Lemma 2.6.
Each of our results is then obtained by choosing a special point p in P and by analyzing
the nature of a simplex σ in T such that p ∈ λ(σ). Choose σ of minimal dimension; then
each vertex of σ is mapped to a distinct vertex of P .
Let G(σ) denote the bipartite graph with vertex bipartition {u1, . . . , um}, {v1, . . . , vn},
and with edges uivj such that (ui, vj) is a vertex of λ(σ). By construction, G(σ) is a simple
bipartite graph with at most m+ n− 1 edges.
The point p, as a weighted convex combination of the vertices (ui, vj), corresponds in
a natural way to a set of weights we(p) ≥ 0 on the edges e = uivj of G(σ). Writing
p = (a, b) ∈ ∆m−1 ×∆n−1 and expressing a = (ai) and b = (bj) in barycentric coordinates,
we can see that
(1)
∑
e∈δG(σ)(ui)
we(p) = ai and
∑
e∈δG(σ)(vj)
we(p) = bj,
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where the notation δG(x) denotes the edges of a graph G incident to a vertex x.
2.3.2. Proof of Theorem 2.1. With the following lemma, the proof of Theorem 2.1 is almost
immediate.
Lemma 2.7. Consider a bipartite graph G = (X, Y,E) with non-negative weights ωe on its
edges e ∈ E and with positive integer weights sx on its vertices x ∈ X such that
∑
x∈X sx ≥
|E|. If for all x ∈ X and y ∈ Y we have∑
e∈δG(x)
ωe >
sx − 1
|Y | and
∑
e∈δG(y)
ωe =
1
|Y | ,
then the degree of each vertex in X is exactly sx.
Proof. The non-negativity of ωe implies that ωe ≤ 1/|Y | for all edges e of G. Then the first
inequality above implies that deg(x)|Y | >
sx−1
|Y | for all x ∈ X. Since the sx are integers, we see
deg(x) ≥ sx for all x ∈ X. But since the sum of the degrees deg(x) is equal to |E|, it is at
most the sum of the weights sx, and we have deg(x) = sx for all x ∈ X. 
Proof of Theorem 2.1, Item (1). We choose p = (a, b) such that ai =
ki−1
n
+ 1
mn
and bj =
1
n
.
According to Lemma 2.7 with G = G(σ), X = {u1, . . . , um}, Y = {v1, . . . , vn}, ωe = we(p),
and sui = ki, the degree in G(σ) of each ui is ki. This means that λi assigns at least ki
distinct labels on the vertices of σ, the projection of σ ∈ T to a simplex of T. 
Proof of Theorem 2.1, Item (2). We choose p = (a, b) such that ai =
1
m
and bj =
`j−1
m
+ 1
mn
.
According to Lemma 2.7 with G = G(σ), X = {v1, . . . , vn}, Y = {u1, . . . , um}, ωe = we(p),
and svj = `j, the degree in G(σ) of each vj is `j. This means that j is used by at least `j
labelings on the vertices of σ, the projection of σ ∈ T to a simplex of T. 
We remark that if one desires an algorithmic way to find σ, the path-following proof of
the polytopal Sperner lemma [11] can be adapted for this purpose.
2.3.3. Proof of Theorem 2.2. To prove Theorem 2.2, we proceed with a technique introduced
by the second author [28] and identify each point y = (y1, . . . , yn) in ∆
n−1 with a division
of the cake into n pieces: numbering the pieces from left to right, yj is the length of the
j-th piece. To fit into the proof scheme described in Section 2.3.1, we define λi(v), for each
player i and each vertex v of T, to be the number (in [n]) of a preferred piece in the division
encoded by v. The “hungry” assumption implies that the λi are Sperner labelings of T.
Instead of Lemma 2.7, we use the following lemma.
Lemma 2.8. Consider a bipartite graph G = (X, Y,E) with non-negative weights ωe on its
edges e ∈ E. If for all x ∈ X and y ∈ Y we have∑
e∈δG(x)
ωe =
1
|X| and
∑
e∈δG(y)
ωe =
1
|Y | ,
then for any subset Y ′ ⊆ Y of size
⌈
|Y |−|X|
|X|
⌉
, there exists a matching covering X and missing
Y ′.
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Proof. We apply Hall’s marriage theorem. Let X ′ be any non-empty subset of X. Notice
that the weight on the edges incident to X ′ is not larger than the weight of the edges
incident to N(X ′). This, with the hypotheses on the weights, implies |X
′|
|X| ≤ |N(X
′)|
|Y | . Then(
1 + |Y |−|X||X|
)
|X ′| ≤ |N(X ′)| and since X ′ is non-empty, we obtain
|X ′|+
⌈ |Y | − |X|
|X|
⌉
≤ |N(X ′)|.
Thus in a graph H obtained from G by removing any subset Y ′ ⊆ Y with
⌈
|Y |−|X|
|X|
⌉
vertices,
we have the inequality |X ′| ≤ |NH(X ′)| that holds for all non-empty subsets X ′ of X. 
To prove Items (1) and (2), we choose p = (a, b) such that ai =
1
m
and bj =
1
n
, but with
different meanings of m and n in each instance.
Proof of Theorem 2.2, Item (1). Set m = p and n = k. We apply Lemma 2.8 with G = G(σ),
X = {u1, . . . , um}, Y = {v1, . . . , vn}, and ωe = we(p), the weight on an edge of the bipartite
graph G(σ) that depends on p. No matter what dn−m
m
e vertices we remove from {v1, . . . , vn},
the graph G(σ) has a matching covering the vertices in {u1, . . . , um}. This matching assigns
the m players to distinct pieces. An edge uivj in G(σ) means that player i is happy with
piece j in the division encoded by one of the vertices of the projection σ of σ in T. We
have thus an envy-free assignment but we are not done yet since G(σ) is built from several
divisions.
The triangulation T being arbitrary, we can assume that σ is such that the diameter of σ
is arbitrarily small. Since there are only a finite number of possible simple bipartite graphs
on X and Y , we can make this diameter goes to 0 while having always the same G(σ). By
the closedness of the preferences, at the limit point, the matching assigning the m players
to distinct pieces corresponds to an envy-free assignment of a single division. 
Proof of Theorem 2.2, Item (2). Set m = k and n = q. We apply Lemma 2.8 with G = G(σ),
X = {v1, . . . , vn}, Y = {u1, . . . , um}, and ωe = we(p), the weight on an edge of the bipartite
graph G(σ) that depends on p. No matter what dm−n
n
e vertices we remove from {u1, . . . , um},
the graph G(σ) has a matching covering the vertices in {v1, . . . , vn}. This matching assigns
the n pieces to distinct players in an envy-free way. We conclude as in Item (1). 
2.3.4. Sketch of proof of Theorem 2.3. The proof consists in applying the relabeling technique
proposed by Frick et al. for the proof in Section 4 of [14] and then in following the steps of
the proof of Theorem 2.2, Item (2).
2.3.5. Proof of Theorem 2.4. The proof is almost the same as for Theorem 2.2, Item (2).
Consider the map φ : ∆n−1 → Rn≥0 defined by
φ(y) =
(
By1
k1
, . . . ,
Byn
kn
)
.
It bijectively maps the points of ∆n−1 with choices of wages satisfying the budget constraint.
To fit into the proof scheme described in Section 2.3.1, we define λi(v), for each player i and
each vertex v of T, to be the index j of a factory maximizing ui(j, φ(y)), with y being the
coordinates of v. The assumption on ui makes λi a Sperner labeling of T.
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Choose p = (a, b) such that ai =
1
m
and bj =
kj
m
. Since
∑n
j=1 kj = m, the point p is
indeed in ∆m−1 ×∆n−1, as required by Section 2.3.1. Set G = G(σ), X = {v1, . . . , vn}, Y =
{u1, . . . , um}, and ωe = we(p). Now, instead of using Lemma 2.8, we apply directly Hall’s
marriage theorem. Because of Eq. (1), we have
∑
e∈δG(ui) ωe =
1
m
for all i and
∑
e∈δG(vj) ωe =
kj
m
for all j. For any subset X ′ ⊆ X, we have∑
j : vj∈X′
kj = m
∑
j : vj∈X′
∑
e∈δG(vj)
ωe ≤ m
∑
i : ui∈N(X′)
∑
e∈δG(ui)
ωe = |N(X ′)|.
Hall’s marriage theorem (actually, an obvious weighted extension) implies then that there
exists a subset F ⊆ E covering exactly kj times each vertex vj ∈ X (i.e., each factory) and
exactly once each vertex in Y (i.e., each worker). We conclude as in the proof of Theorem 2.2,
Item (1). It is in this last step that the continuity of the ui’s matters.
Remark 2.1. While all theorems of that section can also be obtained with the averaging
technique introduced by Gale [15] for proving his “permutation” generalization of the KKM
lemma—the technique used in the papers Asada et al. [5] and Frick et al. [14]—our approach
makes clear the symmetry between the labelings and the labels.
3. Multilabeled versions of Fan’s lemma
We now establish multilabeled versions of Fan’s lemma in direct analogy to the two parts
of the multilabeled Sperner lemma.
3.1. Fan’s lemma and Z2-index. A free simplicial Z2-complex is a simplicial complex on
which there is a free Z2-action. A Fan labeling of a free simplicial Z2-complex is a labeling
of its vertices with non-zero integers such that (i) no adjacent vertices have labels that sum
to zero (adjacency condition), and (ii) the two vertices of any orbit have labels that sum to
zero (antisymmetry condition).
In such a labeling, a simplex is alternating (with respect to the labeling) if the signs
alternate when the vertices are ordered according to the absolute value of their labels. The
sign of an alternating simplex (either positive or negative) is the sign of its first (lowest)
label by absolute value.
The following lemma is due to Fan [13]. It deals with a centrally symmetric triangulation
of a d-dimensional sphere Sd, which is a free simplicial Z2-complex via the antipodal map.
The antisymmetry condition for a Fan labeling requires then that labels at antipodal vertices
sum to zero.
Fan’s lemma. In any centrally symmetric triangulation of Sd with a Fan labeling, there is
an alternating d-dimensional simplex.
Tucker’s lemma [29] is equivalent to the special case: In a centrally symmetric triangulation
of Sd with a Fan labeling, there is at least one vertex with a label whose absolute value is
larger than d.
It has recently been realized [2, Proposition 1] that Fan’s lemma remains true when the
d-sphere Sd is replaced by any free simplicial Z2-complex with Z2-index equal to d. We
remind the reader that the Z2-index of a free simplicial Z2-complex K, denoted ind(K), is
the minimal dimension of the sphere to which there is a continuous map from K commuting
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with the Z2-action. If K is a triangulated sphere, the Z2-action is the antipodal map, and
the Borsuk-Ulam theorem is the equality ind(Sd) = d.
Fan’s lemma for a simplicial Z2-complex. In any free simplicial Z2-complex K with a
Fan labeling, there is an alternating ind(K)-dimensional simplex.
In fact, by symmetry, there is a positive alternating simplex as well as a negative alter-
nating simplex.
3.2. Coincidences of alternating simplices. The next theorem can be seen as the Fan-
type generalization of Theorem 2.1, Item (1). Using the derivation of Sperner’s lemma from
Fan’s lemma (see [20, 31]), this theorem, when K is a centrally symmetric triangulation of
the (n−1)-dimensional sphere, actually provides yet another proof of Theorem 2.1, Item (1).
Fan’s lemma is the special case m = 1 on a triangulated d-sphere (whose index is d).
Theorem 3.1. Let λ1, . . . , λm be m Fan labelings of a free simplicial Z2-complex K. For any
choice of non-negative integers d1, . . . , dm summing to ind(K), there exists a simplex σ in K
that for each i has a di-dimensional alternating face with respect to λi.
Example 3.1. An illustration of the possible patterns asserted by the theorem is given by
Fig. 2. On a triangulated 2-sphere with m = 2 labelings λ1, λ2, suppose d1 + d2 = 1 + 1 =
ind(K) = 2. Then Theorem 3.1 asserts the existence of a simplex σ ∈ T like this one, in
which there is a 1-dimensional alternating face with respect to λ1 (the left edge with labels
+1,−7) and a 1-dimensional alternating face with respect to λ2 (the right edge with labels
+1,−3).
Figure 2. Labeled simplex used in Example 3.1 to illustrate Theorem 3.1
Alishahi [1, Lemma 17] introduced a new technique for proving Fan’s lemma and its
generalizations for other group actions. This technique consists in defining a labeling on the
first barycentric subdivision of the centrally symmetric triangulation T—the labels recording
the length of the alternation on the simplices of T—and then in using Tucker’s lemma
to show the existence of alternating simplices of certain dimensions. Our approach for
proving Theorem 3.1 relies on this idea, and we will again use this technique in the proof of
Theorem 3.4 below. As noticed by Alishahi (personal communication), this technique can
actually be used to get an extension of Theorem 3.1 where Z2 is replaced by any Zq.
We shall use the following notation. Let altλi(σ) be the number of vertices of a maximal
alternating face of σ with respect to the labeling λi. Let sλi(σ) be the sign of the alternation
of such a face, i.e., the sign of the label in the alternation with the smallest absolute value.
It is straightforward to check that sλi(σ) is well-defined when λi is a Fan labeling. Given a
simplicial complex K, let sd(K) denote the barycentric subdivision of K: vertices of sd(K) are
the simplices of K, and the simplices of sd(K) are chains of faces K ordered by inclusion.
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Proof of Theorem 3.1. For σ ∈ K, let i?(σ) be the smallest labeling index i such that σ does
not have an alternating face of dimension di according to λi (hence altλi(σ) ≤ di) and if
there is no such index i, call σ desirable and let i?(σ) = m. Our goal is to show the existence
of desirable simplices. Define
µ(σ) = ±[d1 + · · ·+ di?(σ)−1 + altλi?(σ)(σ)]
where the sign is chosen to be the sign of the alternation in λi?(σ). Since d1 + · · · + di?(σ)−1
is at most ind(K) − dm and altλi?(σ)(σ) is at most dimK + 1, we see µ is a labeling of the
vertices of sd(T) by non-zero integers being at most ind(K) − dm + dim(K) + 1 in absolute
value. Note that a simplex σ is desirable if and only if |µ(σ)| > ind(K).
We claim µ is a Fan labeling of sd(K). Antisymmetry of µ follows easily from its definition.
For the adjacency condition of µ on sd(K), we consider τ a face of σ, and check that µ(τ)
and µ(σ) cannot sum to 0. We have i?(τ) ≤ i?(σ). If i?(τ) < i?(σ), then |µ(τ)| ≤ d1 + · · ·+
di?(σ)−1 < |µ(σ)| (even when σ is desirable), hence µ(τ) and µ(σ) cannot sum to 0. Suppose
now that i?(τ) = i?(σ). Then denoting this value by i?, we see that |µ(τ)| = |µ(σ)| can only
happen when altλi? (τ) = altλi? (σ) (even when τ or σ is desirable). But then the maximal
alternating face of τ is a maximal alternating face of σ, and the label of lowest absolute
values in τ and σ must have the same sign, hence µ(τ) = µ(σ) so their sum is not 0, either.
Then by Fan’s lemma for a simplicial Z2-complex, there is a simplex of dimension ind(K)
in sd(K) specified by a maximal chain of simplices in K:
σ0 ⊆ · · · ⊆ σind(K)
with alternation
1 ≤ µ(σ0) < · · · < (−1)ind(K)µ(σind(K)).
This latter chain of inequalities implies immediately that |µ(σind(K))| > ind(K), which implies
that σind(K) is desirable. 
The proof above relies on Fan’s lemma which is known to have a constructive proof when
K is a triangulated d-sphere containing a flag of hemispheres [22]. In that latter case, we have
thus also a constructive method for finding a desirable simplex in our multilabeled extension
of the Fan lemma.
We show now two applications of Theorem 3.1. A typical consequence of Fan’s lemma
in combinatorics is the existence of large colorful bipartite subgraphs in proper colorings
of graphs with large topological lower bounds. The first application is a strengthening of
this result. The second one is in the context of the Hobby-Rice theorem, also called the
“continuous necklace-splitting theorem”, and consensus-halving.
3.2.1. Graph application. Since the foundational paper of Lova´sz solving the Kneser conjec-
ture [19], there is a whole machinery for designing topological lower bounds on the chromatic
number of graphs. The Hom complex of a graph G = (V,E), denoted Hom(K2, G), is the
poset whose elements are the pairs (A,B) of non-empty disjoint subsets of V inducing a
complete bipartite graph and whose order  is given by: (A,B)  (A′, B′) if A ⊆ A′ and
B ⊆ B′.
We shall associate Hom(K2, G) with its order complex: a simplicial complex whose vertices
are poset elements and simplices are poset chains. There is a natural free Z2-action on this
complex given by exchanging A and B.
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One of the largest topological lower bounds is provided by the Z2-index of the Hom
complex:
χ(G) ≥ ind(Hom(K2, G)) + 2.
In a properly colored graph, a colorful subgraph is a subgraph whose vertices get distinct
colors. The above inequality was strengthened by Simonyi, Tardif, and Zsba´n [25], who
showed that in a properly colored graph G, there is in fact a colorful complete bipartite
subgraph Kdd/2e+1,bd/2c+1 where d = ind(Hom(K2, G)). We can use our Theorem 3.1 to
extend their result to multiple proper colorings.
Theorem 3.2. Consider a graph G colored with m proper colorings c1, . . . , cm. For any
choice of positive integers d1, . . . , dm summing to ind(Hom(K2, G)), there exists a complete
bipartite subgraph that for each i contains a colorful Kddi/2e+1,bdi/2c+1 with respect to ci.
Proof. Let G = (V,E). Think of each coloring as a map ci : V → {1, 2, . . .}. Recall that
each vertex of Hom(K2, G) is a pair (A,B) of non-empty disjoint subsets of V that induce
a complete bipartite subgraph of G. Define
λi(A,B) = ± max
v∈A∪B
ci(v)
with sign − (resp. +) if the maximum is attained in A (resp. B). Then λi is a Fan labeling,
since antisymmetry is obvious from the definition, and the adjacency condition follows from
ci being a proper coloring: if (A,B)  (A′, B′) and maxv∈A∪B ci(v) is achieved in A while
maxv∈A′∪B′ ci(v) is achieved in B′, then the two maxima must be different ci colors because
each vertex in A ⊆ A′ is adjacent to each vertex in B′.
Since
∑
i di = ind(Hom(K2, G)), Theorem 3.1 implies there exists a simplex of Hom(K2, G)
with alternating di-dimensional faces, for i = 1, . . . ,m. Each such face is a chain
(A0, B0)  (A1, B1)  · · ·  (Adi , Bdi)
on which λi alternates; by the definition of λi, there are vj ∈ Aj ∪ Bj for j = 0, . . . , di such
that λi(Aj, Bj) = ci(vj) and ci(v0) < · · · < ci(vdi).
Suppose without loss of generality v0 ∈ B0. Then a = maxv∈A0 ci(v) is achieved by some
v = v¯ and since ci is proper, the color a is strictly less than ci(v0). This means that v¯ is in the
bipartite subgraph (Adi , Bdi) but must be distinct from the di + 1 vertices vj, j = 0, . . . , di
because they all have larger colors than v¯. The bipartite subgraph induced by these di + 2
vertices must be colorful according to ci and of type Kddi/2e+1,bdi/2c+1 as desired. 
Choosing di ' 1m ind(Hom(K2, G)) for all i produces Corollary 1.2 stated in the introduc-
tion.
3.2.2. Consensus-halving. Given a familyM of absolutely continuous measures on [0, 1], we
define a t-splitting to be a partition of [0, 1] into t+ 1 intervals Ij such that
µ
( ⋃
odd j
Ij
)
= µ
( ⋃
even j
Ij
)
for all µ ∈M. We do not require that the intervals be numbered 1, 2, . . . , n when going from
left to right. (Note that however, whether or not we add this condition does not matter:
if we have such a partition without this condition on the numbering, we have it also with
it since either they can be numbered from left to right, or there are two adjacent intervals
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with indices of the same parity; in the latter case, they can be merged and we can add a
new interval of length 0 and renumber all intervals 1, 2, . . . , n going from left to right.)
The Hobby-Rice theorem [17] asserts that if M has size t, then there is a t-splitting of
M. There have been many generalizations of that theorem; see for example [3, 12].
Here, we propose yet another generalization of this result, based on the our Theorem 3.1.
Note that the measures are not necessarily probability measures.
Theorem 3.3. Consider finite collections M1, . . . ,Mm of absolutely continuous measures
on [0, 1], a positive integer n, and positive integers k1, . . . , km summing to m+ n− 1. Then
there exists a partition of [0, 1] into n intervals I1, . . . , In such that, for each i ∈ [m], one of
the properties holds:
• These intervals provide an (n− 1)-splitting of Mi.
• The equality
µ
( ⋃
odd j
Ij
)
− µ
( ⋃
even j
Ij
)
= ± max
µ′∈Mi
∣∣∣∣∣µ′
( ⋃
odd j
Ij
)
− µ′
( ⋃
even j
Ij
)∣∣∣∣∣
is attained for at least ki measures µ in Mi, each sign, + and −, being attained at
least bki/2c times.
Theorem 3.3 generalizes the Hobby-Rice theorem already for m = 1: if M1 has n − 1
measures, then the second possibility cannot hold since k1 = n, and thus there must be an
(n − 1)-splitting. The case m = 1 is close to a result by Pa´lvo˝lgyi [21, Corollary 4.6] that
ensures in the discrete case that one can somehow “control” the imbalance in an (n − 1)-
splitting when the number of measures is n. In Pa´lvo˝lgyi’s result, we can even decide for
each measure which part of the partition between odd and even indices is advantaged. It is
a generalization of a result by Simonyi [24], which is the same result without the control on
the imbalance.
If we remove the condition on the finiteness of theMi, the theorem does not hold anymore
as shown by the following simple example for m = 1. For every positive integer r, we
introduce the function
fr : x ∈ [0, 1] 7−→
 r3 if x ∈
[
1
r + 1
,
1
r
]
0 otherwise,
and the measure νr whose density is given by fr. Let M1 be the set of all νr. Consider
now any partition of [0, 1] into n intervals I1, . . . , In. There is an infinite number of r such
that [ 1
r+1
, 1
r
] is fully contained into one of the Ij’s. Thus, the n intervals do not form an
(n− 1)-splitting and we have moreover
sup
µ′∈M1
∣∣∣∣∣µ′
( ⋃
odd j
Ij
)
− µ′
( ⋃
even j
Ij
)∣∣∣∣∣ = +∞
since limr→+∞ r3(1r − 1r+1) = +∞. None of the properties ensured by the theorem can hold.
The Hobby-Rice theorem also yields a social science interpretation in terms of consensus
halving [23]. If [0, 1] represents a cake to be cut and each measure inM represents a hungry
person, then the theorem says there is a consensus-halving among t people with just t cuts:
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for such a cut, there is consensus among all people in M that the odd-index pieces are the
same size as the even-index pieces.
An interpretation of Theorem 3.3 in that spirit goes as follows: Consider m finite groups
of people and non-negative integers d1, . . . , dm summing to n−1. Then given any cake, there
exists a division of that cake into n pieces, each assigned to one of two portions A and B,
such that for each group, either: all people in that group believe A and B are exactly the same
size; or: there exists γi > 0 such that at least d(di + 1)/2e believe A is larger by exactly γi
and at least b(di+1)/2c believe that B is larger by exactly γi and everyone else is somewhere
in between.
Proof of Theorem 3.3. Let us first assume that no Mi admits an (n− 1)-splitting.
We arbitrarily index the measures in each Mi with positive integers: µi1, µi2, . . . Let T be
a centrally symmetric triangulation of the (n− 1)-dimensional unit L1-sphere
∂♦n =
{
(y1, . . . , yn) ∈ Rn :
n∑
j=1
|yj| = 1
}
.
Let Y0 = 0 and Yj =
∑j
j′=1 |yj′|. For each vertex v of T with coordinates (y1, . . . , yn), we
define λi(v) = ±a∗, where a∗ is the smallest a for which
∣∣∣∑n−1j=0 sign(yj) µia([Yj, Yj+1])∣∣∣ is
maximal, and the sign of λi(v) is the sign of the expression in the absolute value.
We check that λi is a Fan labeling. Antisymmetry is clearly satisfied. By compactness of
∂♦n, finiteness of the Mi’s, and continuity of the measures, there is some δ > 0 so that
max
a
∣∣∣∣∣
n−1∑
j=0
sign(yj) µ
i
a([Yj, Yj+1])
∣∣∣∣∣ > δ
for all i and all (y1, . . . , yn) ∈ ∂♦n. We can choose T with a sufficiently small mesh size so
that
(y1, . . . , yn) 7−→
n−1∑
j=0
sign(yj) µ
i
a([Yj, Yj+1])
varies by less than δ on any simplex, and for any i and a.
Then, since the dimension of ∂♦n is n − 1, according to Theorem 3.1, there is a simplex
with an alternating (ki − 1)-face with respect to each λi. Making the mesh size of T go
to 0 and using the compactness of ∂♦n, we get the existence of intervals J1, . . . , Jn and a
partition A,B of [n] such that, for each i, the equality
µ
(⋃
j∈A
Jj
)
− µ
(⋃
j∈B
Jj
)
= ± max
µ′∈Mi
∣∣∣∣∣µ′
(⋃
j∈A
Jj
)
− µ′
(⋃
j∈B
Jj
)∣∣∣∣∣
is attained ki times, with the ‘+’ sign for at least bki/2c measures µ in Mi and is attained
with the ‘−’ sign for at least bki/2cmeasures µ inMi. Now, by merging consecutive intervals
whose indices belong to the same subset A or B, we get the desired statement, except that
we may have less than n intervals; in that case, just add empty intervals to complete the
collection.
Now, let us consider the general case. We arbitrarily choose a collection P of n absolutely
continuous measures ρ1, . . . , ρn on [0, 1] with disjoint supports and with total weight equal
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to some ε > 0. We define M′i = Mi ∪ P . No M′i has an (n − 1)-splitting. Applying what
we already proved on M′1, . . . ,M′m, we get that there are n intervals I1, . . . , In (depending
on ε) such that, for each i, one of the two properties holds:
a)
∣∣∣µ(⋃ odd j Ij)− µ(⋃ even j Ij)∣∣∣ ≤ ε for all µ ∈Mi.
b) µ
(⋃
odd j Ij
)
−µ
(⋃
even j Ij
)
= ±maxµ′∈Mi
∣∣∣µ′ (⋃ odd j Ij)− µ′ (⋃ even j Ij)∣∣∣ is attained
for at least ki measures in Mi, each sign, + and −, being attained at least bki/2c times.
Indeed, this follows from noting that for each i, either we are in case a), or the maximum
in not attained for a measure in P .
Consider a sequence of values for ε converging to 0. Up to taking a subsequence, we can
assume that each i falls under the same case a) or the same case b) for all these values
of ε, and, by finiteness of the Mi’s, we can even assume that when it falls under case b),
the equality is always attained with exactly the same measures and the same signs. By
compactness and absolute continuity of the measures, we get the sought conclusion. 
The necklace-splitting theorem ensures that there is a certain rounding property for the
Hobby-Rice theorem when one works with “beads” instead of measures; see [4, 16]. We do
not know whether the rounding property still holds for Theorem 3.3.
3.3. Further multilabeled generalizations of Fan’s lemma. Similarly, the next the-
orem can be seen as the Fan-type generalization of Theorem 2.1, Item (2). Corollary 3.5
provides an alternative proof of Theorem 2.1, Item (2) in a same way Theorem 3.1 provides
an alternative proof of Theorem 2.1, Item (1).
Theorem 3.4. Consider a free simplicial Z2-complex K with ind(K) = n−1. Let λ1, . . . , λm
be m Fan labelings of K with labels {±1, . . . ,±N}. For any choice of positive integers
`1, . . . , `N summing to m+N −1, there exists a simplex σ = 〈v1, . . . , vn〉 in K, label numbers
1 ≤ j1 ≤ · · · ≤ jn ≤ N , and indices i1, . . . , in in [m] such that
(a) λik(vk) = (−1)kjk,
(b) if jk−1 = jk, then ik−1 < ik, and
(c) for each k, labels +jk or −jk are present on σ in at least `jk of the labelings.
Note here the theorem asserts that there is an “alternating” sequence of labels, though the
label absolute values jk are not necessarily distinct. Item (a) guarantees the asserted alter-
nating labels appear on different vertices of σ. Item (b) shows that if a sequence of asserted
alternating labels have identical absolute values, then those labels successively appear in a
sequence of labelings of increasing index. When m = 1, the theorem becomes the usual Fan
lemma.
Proof of Theorem 3.4. For σ ∈ K, let rj(σ) be the number of labelings in which −j or +j is
present on σ. We define µ(σ) as follows. Let j?(σ) be the largest j such that rj(σ) ≥ `j. Such
a j?(σ) exists because
∑N
j=1(`j − 1) = m− 1 and
∑N
j=1 rj(σ) ≥ m (each labeling contributes
at least one unit to this sum). Let i?(σ) be the largest i such that λi(v) = ±j?(σ) for a
vertex v ∈ σ.
Now set
µ(σ) = ±[m · (j?(σ)− 1) + i?(σ)]
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where the ± sign is determined by the sign of the label ±j?(σ) that appears on σ in λi?(σ)
(both labels cannot appear in σ since λi?(σ) is a Fan labeling, hence adjacent vertices in σ
cannot have labels that sum to zero).
We claim µ is a Fan labeling on sd(K) with labels from {±1, . . . ,±mN}. Antisymmetry
of µ follows from the symmetry of j? and i? and the antisymmetry of λi? on K. Also, µ
satisfies the adjacency condition, because if τ ⊂ σ are adjacent vertices in sd(K), then either
j?(τ) < j?(σ) in which case µ(τ) + µ(σ) 6= 0, or j?(τ) = j?(σ) and i?(τ) < i?(σ) in which
case µ(τ) + µ(σ) 6= 0, or j?(τ) = j?(σ) and i?(τ) = i?(σ) and the adjacency condition on λi?
ensures µ(τ) = µ(σ).
So µ is a Fan labeling and according to Fan’s lemma, there is an (n − 1)-dimensional
simplex in sd(K), which corresponds to a chain of simplices in K of successive dimension
(here σ1 has dimension 0):
σ1 ⊆ · · · ⊆ σn
with
1 ≤ −µ(σ1) < · · · < (−1)nµ(σn) ≤ mN.
We claim that σ = σn is the simplex we are looking for, with label number jk given by
j?(σk), and index ik given by i
?(σk). Indeed, the fact that |µ| increases going from σk−1 to
σk means that j
? and/or i? also increases by including a vertex vk in the simplex σk; hence
this vk must be labeled by ±jk in λik , with the same sign as µ(σk), i.e., (−1)k. This gives
Items (a) and (b). The definition of j?(σk) implies Item (c). 
We say that m Fan labelings λ1, . . . , λm are compatible if λi(u)+λi′(u
′) 6= 0 for any adjacent
vertices u, u′ and any pair i, i′ (where u is not considered as being adjacent to itself).
Corollary 3.5. Consider a free simplicial Z2-complex K with ind(K) = n−1. Let λ1, . . . , λm
be m compatible Fan labelings of K with labels {±1, . . . ,±N}. For any choice of positive
integers `1, . . . , `N summing to m+N−1, there exists a simplex σ and 1 ≤ j1 < · · · < jn ≤ N
such that for each k, labels +jk or −jk are present on σ in at least `jk of the labelings.
Proof. We apply Theorem 3.4. Because of the additional condition, Item (a) implies that
jk < jk+1 for all indices k. 
Remark 3.1. In the proofs of Theorems 3.1 and 3.4, the labeling µ is increasing. This
implies that the same proofs actually provide slightly stronger versions of these results,
where the Z2-index ind(·) is replaced by the always non-smaller cross-index Xind(·); see [25]
for definition of this latter index and discussion about it. In turn, this implies that the
slightly stronger versions of Theorem 3.2 and Corollaries 1.2 and 3.5 with the cross-index in
place of the index are also true. However, while there are simplicial complexes with distinct
Z2-index and cross-index, it is not known whether this can occur for Hom complexes of
graphs; see [25].
Note that in contrast to Theorem 3.1, Corollary 3.5 requires the Fan labelings to be
compatible. The following example below shows that without this hypothesis, the corollary
is not true.
Example 3.2. Let T be a symmetric triangulation of the unit circle S1 with vertices at
(±1, 0) and (0,±1), and sufficiently small mesh size (less than 0.1 will do). Let λ1 be anti-
symmetric labeling of the vertices such that λ1((1, 0)) = +2, λ1((−1, 0)) = −2, and otherwise
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λ1((x, y)) is +1 if y > 0 and −1 if y < 0. Let λ2 be anti-symmetric labeling of the vertices
such that λ2((0, 1)) = +2, λ2((0,−1)) = −2, and otherwise λ2((x, y)) is +1 if x > 0 and −1
if x < 0.
These are Fan labelings λi : V (T)→ {±1,±2} that satisfy the hypotheses of Corollary 3.5
with n = m = N = 2 except that they are not compatible, since any simplex near p =
(1/
√
2,−1/√2) will have adjacent vertices with labels of −1 in λ1 and +1 in λ2. The
conclusion of Corollary 3.5 now fails for `1 = 1, `2 = 2, since we must have j1 = 1, j2 = 2,
but the small mesh size of the triangulation guarantees there is no simplex with labels +2
or −2 in both labelings.
However, Example 3.2 does satisfy the conditions of Theorem 3.4 for n = m = N = 2.
We can see how it applies when `1 = 1, `2 = 2. Since λ1 and λ2 cannot simultaneously have
labels ±2 for vertices on the same simplex σ, it must be the case that Theorem 3.4 produces
a simplex σ with label numbers j1 = j2 = 1 and i1 = 1, i2 = 2. This there is an alternating
sequence of labels −1,+1 on σ each of which makes the redundant claim that the labels ±1
appear in a least `1 = 1 labelings and at least `2 = 2 labelings. For instance, this will occur
for a simplex near p.
The next result is a multilabeled version of Bacon’s lemma [7], which states that in a Fan
labeling of Sn−1, with labels taken in {±1, . . . ,±n}, all feasible subsets of n distinct labels
occur as labels of a simplex. The proof of this multilabeled version illustrates the fact that
Gale’s averaging trick (mentioned in Remark 2.1) can also be used for proving Fan-type
results.
Proposition 3.6. Consider a free simplicial Z2-complex K with ind(K) = n − 1. Let
λ1, . . . , λn be n compatible Fan labelings of K with labels in {±1, . . . ,±n} with the addi-
tional condition that λi(u) + λi′(u) 6= 0 for any pair of indices i, i′ and any vertex u. Then,
for every (α1, . . . , αn) ∈ {−1,+1}n, there exists a simplex σ of K and a permutation pi of [n]
such that for each j ∈ [n], the integer αj · j is a value taken by λpi(j) on σ.
Note that the condition of the proposition is stricter than of Corollary 3.5 since it requires
that among the labels found at a single vertex, no pair of labels sums to zero.
Proof of Proposition 3.6. Use each λi to construct a piecewise affine map Li from the un-
derlying space ‖K‖ to ∂♦n in the following way: for each vertex v set Li(v) = ±e|λi(v)|
(where ek is the k-th basis vector) choosing the sign to agree with λi(v), then extend Li
linearly across each simplex. Using Gale’s averaging trick mentioned in Remark 2.1, we
define L(x) = 1
n
∑n
i=1 Li(x) for every x ∈ ‖K‖. Because of the compatibility conditions and
λi(u)+λi′(u) 6= 0, the map L has still its image in ∂♦n. Since L is a Z2-map and since K has
Z2-index equal to n − 1, the map L is surjective. (Otherwise, a Z2-map from K into Sn−2
would exist by a standard topological argument.)
Consider p = (p1, . . . , pn) defined by pj =
1
n
αj. Since L is surjective, there exists y ∈ ‖K‖
such that L(y) = p. Define zij to be the j-th component of Li(y); note that zij is positive
(resp. negative) if and only if +j (resp. −j) appears as a λi label in a minimal simplex
containing y, because λi is a Fan labeling. We have
∑n
i=1 |zij| = 1 for all j (since L(y) = p)
and
∑n
j=1 |zij| = 1 for all i (since L(y) ∈ ∂♦n).
Consider the bipartite graph G, with on one side the vertices i = 1, . . . , n and on the other
side the vertices j = 1, . . . , n, and with edges the pairs ij such that zij 6= 0. For every subset
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X of j-vertices, we have
|X| =
n∑
i=1
∑
j∈X
|zij| ≤
∑
i∈N(X)
n∑
j=1
|zij| = |N(X)|,
the inequality following from noting the right double sum is a sum over more edges. Then
Hall’s marriage theorem ensures that G has a matching covering the j-vertices. For any such
j, we define pi(j) to be the integer i with which j is matched.
The pair we are looking for is (σ, pi), where σ is a simplex of K containing y. Indeed, we
have zpi(j)j 6= 0, which implies that λpi(j)(v) = αj · j for at least one vertex of σ. 
Remark 3.2. We probably could get other generalizations of Proposition 3.6 in the spirit of
the “Sperner”-versions of Theorem 2.2, with a similar approach, by playing with the point
p used in the proof. But we were not interested in going further in that direction.
4. Bapat’s theorem and Lee-Shih’s formula
As mentioned in the introduction, Bapat’s theorem [8] is the first multilabeled version of
Sperner’s lemma. It implies Gale’s permutation generalization of the KKM lemma, but it is
more general, since it has a quantitative conclusion.
Bapat’s theorem. Let T be a triangulation of ∆n−1 with n Sperner labelings λ1, . . . , λn.
Consider the pairs (σ, pi), where σ is an (n−1)-dimensional simplex of T and pi is a bijection
V (σ) → [n], such that the λpi(v)(v) for v ∈ V (σ) are all different. For each such pair, order
the vertices of σ so that λpi(v)(v) is increasing along them. Then the difference between the
number of such pairs with σ positively oriented by this order and the number of such pairs
with σ negatively oriented is equal to n! in absolute value.
While writing this paper, the natural question of whether a similar generalization of Fan’s
lemma holds arose. We were not able to settle this question. However, for some special
triangulations, it is easy to get a statement in that spirit, as we explain now.
Any centrally symmetric triangulation T of Sn−1 provides a triangulation T/Z2 of the
(n− 1)-dimensional projective space, obtained by identifying antipodal simplices.
Theorem 4.1. Let T be a centrally symmetric triangulation of Sn−1 with n compatible Fan
labelings λ1, . . . , λn. If the simplicial complex T/Z2 is balanced, then there are at least n!
pairs (σ, pi) with σ ∈ T and pi a bijection V (σ)→ [n], such that
0 < −λpi(v1)(v1) < λpi(v2)(v2) < · · · < (−1)nλpi(vn)(vn)
where 〈v1, . . . , vn〉 = σ.
A d-dimensional simplicial complex is balanced if there is a coloring of its vertices with
d+ 1 colors such that every d-dimensional simplex is colorful, i.e., has its vertices of distinct
colors.
Proof of Theorem 4.1. Denote by λ1, . . . , λn the n compatible Fan labelings. Since we are
assuming T/Z2 is balanced, we can fix an arbitrary coloring c : V (T) → [n] such that each
(n − 1)-dimensional simplex is colorful. For each permutation pi′ of [n], the labeling λpi′
defined by λpi
′
(v) = λpi′(c(v))(v) is a Fan labeling and there is a negative alternating simplex
according to this labeling. For any pair of distinct permutations pi′, each (d−1)-dimensional
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simplex has at least one vertex where the two values of pi′(c(v)) are different. Each choice of
pi′ provides thus a different pair (σ, pi) with the desired property (and with pi = pi′ ◦ c). 
We do not know whether the statement still holds if we remove the balancedness condition.
Fan proved his lemma by induction on the dimension on the sphere, with the help of a
formula relating the number of alternating simplices of a pseudomanifold to the number
of alternating simplices with positive sign on its boundary [13]. A similar formula exists
for multilabelings: this is precisely the Lee-Shih formula mentioned in the introduction.
Unfortunately, because of issues related to the orientation of the sphere, mimicking Fan’s
proof with Lee-Shi’s formula does not seem to lead to any non-trivial result.
These issues about orientation may explain why there is an oriented version of Sperner’s
lemma, due to Brown and Cairns [9], while such an oriented version does not seem to exist
for Fan’s lemma.
Oriented Sperner’s lemma. Let T be a triangulation of ∆n−1 with a Sperner labeling.
Consider the (n− 1)-dimensional simplices of T whose vertices get distinct labels. For each
such simplex, order its vertices so that the labels are increasing along them. Then the differ-
ence between the number of such simplices that are positively oriented by this order and the
number of those that are negatively oriented is equal to 1 in absolute value.
(Note that the oriented Sperner’s lemma is the special case of Bapat’s theorem where all
λi are equal.) We are not aware of any similar counterpart for Fan’s lemma.
5. Open questions and conjectures
Many open questions and conjectures have arisen while writing this paper. First, there
is this question about the “optimality” of the bounds in Theorem 2.2, mentioned after its
statement in Section 2.
Other questions stem from considering Theorem 3.3. We mentioned at the end of Sec-
tion 3.2.2 that the Hobby-Rice theorem is a special case and admits a “discrete” version,
namely the necklace-splitting theorem. It remains to decide whether such a discrete version
also exists for Theorem 3.3 in its full generality. Another question related to Theorem 3.3 is
whether there is a way to show that finiteness of theMi is necessary, without using measures
of total weight going to infinity as we did right after the statement of the theorem.
Finally, it would be nice to settle the question of the existence of an “oriented Fan lemma”,
as mentioned at the end of Section 4.
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